For the interrogation of cancellous bone using ultrasound, we undertake a derivation of the time-harmonic, acoustic equations, idealizing the bone as a periodic arrangement of a Kelvin-Voigt viscoelastic porous matrix containing a viscous fluid. Since we are interested in acoustics, rather than filtration, we assume that the fluid is slightly compressible. Moreover, we study the monophasic case. A priori estimates are obtained for the time-harmonic equations. By letting the characteristic size of the inhomogeneities tend to zero and passing to the limit in the sense of the two-scale convergence, the effective equations for the monophasic vibrations are obtained, for which we prove existence and uniqueness.
Introduction
Since the strength of bone depends heavily on its microstructure [11] , new ultrasound methods for assessing the microstructure in vivo need to be developed. In [8] Buchanan Gilbert and Khashanah investigated the extent to which the most important parameters of the Biot model [6, 7, 30] could be recovered by acoustic interrogation in an numerical experiment which simulated the physical experiment of Hosokawa and Otani [18] , (See also of McKelvie and Palmer [26] , Williams [31] .) where a small specimen of cancellous bone was placed in a tank of water between an acoustic source and receiver. In view of the acquisition expense and uncertainty of estimating the model's parameters, we sought to determine whether these parameters can be ascertained from ultrasound measurements. In our first work the finite element method was used to simulate both the target pressure data and the trial data used in the parameter recovery algorithm.
It is important to develop alternate acoustic models of cancellous bone than Biot's which reflect better the microstructure [17, 21] . The present work is devoted to this purpose. We model the cancellous bone as a poroviscoelastic matrix made up of trabeculae (the solid part) and blood-marrow (the fluid part). In actuality, the trabeculae (For more details, see [19] .)
are probably viscoelastic, and the distribution of pores is certainly not periodic. However, for the purposes of simplifying the model, we limit our attention here to discussing an elastic frame with a periodic arrangement of the pores. Other non-periodic approaches, such as that used by us in [16] or the random approach of Jikov-Koslov-Oleinik [20] , would be tried also. In the present work, the skeleton is considered to be linear and elastic and the interstitial region is saturated by a viscous fluid described by the compressible Navier-Stokes equations.
In the acoustic regime we tend to think frequently of monochromatic, plane waves and their refraction and scattering. In order to model this acoustic phenomena it is helpful to introduce dimensionless coordinates which are defined in terms of characteristic lengths and reference values of the physical parameters. Let be the characteristic length of a microscopic cell, whereas L is the characteristic length at the macroscopic scale. We assume that the wavelength of the acoustic signal, λ, is related to the macroscopic length L by 2π L = λ. The relation between and L is given by the small parameter ε, εL = . In terms of the characteristic lengths and L we introduce the dimensionless coordinates y = X/ , and x = X/L, where X is taken to be a physical space variable. Then x = εy, and y is referred to as the fast variable. For a more complete description of the acoustic model see Ref. [15] .
Geometry of the medium
Cancellous bone in the bovine femur as shown in Fig. 1 contains a matrix of cortical bone, trabeculae, saturated with marrow.
Characterization of the cellular architecture of bone is necessary to devise suitable mathematical models that may be used to describe its mechanical and acoustic properties. The two scale homogenization presented in this paper is based on an idealization of bone as a periodic arrangement of the pores [4, 5, 23, 25, 24, 9] . The formal description goes along the following lines:
Firstly we define the geometrical structure inside the unit cell
Let Y s (the solid part) be a closed subset ofȲ and Y f = Y \ Y s (the fluid part). Now we make the periodic repetition of Y s all over R n and set
Obviously the obtained closed set E s = k∈Z n Y k s is a closed subset of R n and E f = R n \ E s in an open set in R n . Following Allaire [2] we make the following assumptions on Y f and E f : 
For sufficiently small ε > 0 we consider the sets
and define
Obviously, ∂Ω ε f = ∂Ω ∪ S ε . The domains Ω ε s and Ω ε f represent, respectively, the solid and fluid parts of a porous medium Ω . For simplicity we suppose L/ε ∈ N n and then K ε = ∅.
Microscale governing equations

Constitutive equations
Let θ (y) be the characteristic function of the fluid part of the unit cell Y. This function can be periodically extended to R n . The extension is still denoted by θ (y), since in the calculations presented below no confusion can occur. Also, let
The constitutive equations of the two-phase material are assumed to be as follows
The viscoelastic behavior of the trabeculae is modelled by a Kelvin-Voigt constitutive equation
Here ω is the wave frequency and e(u ε ) is the strain tensor defined by
The constants A s i jkl are the elasticity coefficients of the solid, which is a homogeneous body (but this property is not essential), with the classical symmetry and positivity conditions. The constants B s i jkl describe viscosity of the solid, with the classical symmetry and positivity conditions.
It is important to emphasize that both A s and B s are strongly elliptic (coercive). Therefore, A s + iωB s is also strongly elliptic.
The marrow is modelled as a slightly compressible viscous barotropic fluid with the constitutive equations
Here, c is the sound speed, ρ f > 0 is a constant density of the marrow at rest, η, ξ are constant viscosities which are subject to the following conditions:
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whose physical justification is to be found in [22] . From (2.4) one can obtain more explicit constitutive equations
Note that while (2.3) and (2.2) have formally similar structure, they are in fact different. Indeed, A s is strongly elliptic, while A f is not. Also, (2.4) implies that B f is strongly elliptic. Therefore, A f + iωB f is strongly elliptic, only for ω = 0, and the lower bound in the ellipticity estimate degenerates as |ω| → 0. This degeneracy presents some analytical difficulties in the following.
Equations of motion, boundary and interface conditions
The equations of motion for the trabeculae (solid part) are given by
Here the trabeculae stress is defined in (2.2), and ρ s > 0 is the constant density of the trabeculae at rest. In the marrow part,
The transition conditions between fluid and solid parts are given by the continuity of displacement
where [·] indicates the jump across the boundary of Γ ε = ∂Ω ε s ∩ ∂Ω ε f , and the continuity of the traction
At the exterior boundary we imposed zero Dirichlet condition:
Then the weak formulation of the slightly compressible problem is given by
where· denotes the complex conjugate. In Eq. (2.11),
is the density of the two phase material. Choosing φ = u ε in Eq. (2.11), using (2.5) and then taking the real and imaginary parts, we have 
Let f : H → C be a bounded linear functional on H . Then there exists a unique element u ∈ H such that
An application of the complex variant of Lax-Milgram theorem, Cauchy-Schwarz inequality, and Korn's inequality yields the following theorem.
Theorem 2. For some suitably small ω > 0 and any F ∈ L 2 (Ω ), there is a unique u ε ∈ H 1 0 (Ω ) that solves Eq. (2.11). Moreover, there exists a constant C such that
The constant C is independent of ε.
Proof. The main point here is to find an ω > 0 and show the coercivity of the left-hand side of (2.11) for such an ω.
The sesquilinear form associated with the boundary value problem is
for any given φ ∈ H 1 0 (Ω ) n . Clearly
and, then for some suitably small ω > 0
where C 1 and C 2 are independent of ε and ω. Inequality (2.16) follows immediately from the previous inequalities.
In the following sections we will use the above defined ω.
A u t h o r ' s p e r s o n a l c o p y
Two-scale convergence
In order to prove the main convergence results of this paper we use the notion of two-scale convergence which was introduced in [28, 29] and developed further in [2, 3] . See also [10, 12, 14] . For a classical treatment please see [24, 25] .
is said to two-scale converge to a limit w ∈ L 2 (Ω × Y) iff for any σ ∈ C ∞ (Ω ; C ∞ per (Y)) ("per" denotes 1-periodicity) one has
The following lemma is proved in [28] .
Lemma 3. From each bounded sequence in L 2 (Ω ) one can extract a subsequence which two-scale converges to a limit w ∈ L 2 (Ω × Y).
We shall also need several statements proved in [3] and [28] .
Lemma 4. (i)
Let w ε and ε∇ x w ε be bounded sequences in L 2 (Ω ). Then there exists a function w ∈ L 2 (Ω ; H 1 per (Y)) and a subsequence such that both w ε and ε∇ x w ε two-scale converge to w and ∇ y w, resp.
(ii) Let w ε and ∇ x w ε be bounded sequences in
per (Y)) and a subsequence such that both w ε and ∇ x w ε two-scale converge to w and ∇ x w(x) + ∇ y v(x, y), resp.
Remark. Let σ (y) be piecewise smooth. Define σ ε (x) = σ ( x ε ), and let the sequence {w ε } ⊂ L 2 (Ω ) two-scale converge to a limit w ∈ L 2 (Ω × Y). Then {σ ε w ε } two-scale converges to a limit σ w.
If we have two different estimates for gradients in the solid and in the fluid part, then the classical way to proceed is by extending the deformation from Ω f to Ω and then passing to the limit ε → 0. The recent results on homogenization of Neumann problems in perforated domains of general type (see [1] and also the book by Jikov et al. [20] ) suggest that it is enough to suppose the Lipschitz regularity for the pore boundaries.
Using Theorem 2 and Lemma 4(ii) we obtain a subsequence {u ε }, not relabeled, and a pair of functions u 0 (x) ∈ H 1 0 (Ω ) n , u 1 (x, y) ∈ L 2 (Ω ; H 1 (Y)/C) such that u ε two-scale converges to u 0 , and ∇u ε two-scale converges to ∇ x u 0 + ∇ y u 1 . Also, extracting a further subsequence, if necessary, we can assume that ρ ε converges to ρ(x) weakin L ∞ (Ω ). Next we pass to the limit in the two-scale sense in the weak formulation (2.11). We do this twice, first using a test function ϕ(x), and then a test function ψ( x ε ), where ψ(y) is assumed to be Y-periodic with zero average. This yields the following equations for u 0 , u 1 :
Now we need to prove that the two-scale system is well posed. This is the content of the next theorem.
Theorem 5. The two-scale system (3.1) and (3.2) possesses a unique solution
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Proof. The weak formulation of the two-scale system is given by adding the two Eqs. (3.1) and (3.2). The existence of a solution follows from the existence of a two-scale limit for u ε . Let us proceed with uniqueness. It is sufficient to prove that for F = 0 we have only the trivial solution u 0 = 0, u 1 = 0. We set ϕ = u 0 and ψ = u 1 in the weak formulation and then take the real and imaginary parts to obtain
Hence, for sufficiently small ω, there exists a constant C 1 , independent of ω and ε, such that
In the last equation we used the fact that the integral of the derivative of a periodic function over the unit cell vanishes. The choice of ω in Section 2.3 implies u 0 = 0, and then we conclude u 1 = 0.
Elimination of u 1 . Cell problems
We construct the solution u 1 in a special form, namely
Summation over p, q is assumed. Therefore, N pq and the M pq are vectors, and the right hand side is a linear combination of these vectors with scalar coefficients (e x (u 0 )) pq . Now we substitute (4.1) into (3.2) and collect terms containing the same components of e x (u 0 ). This yields 
Here, for each pair of indices p, q = 1, . . . , n, E pq is a constant symmetric second-order tensor with components defined by
Next, we require that
If this problem is solved, then we can use its solution to determine Integrating by parts, we can formally write (4.7) in the strong form:
where
Similarly, the strong form of (4.6) is:
The problems (4.4) and (4.6) are uniquely solvable for each ω > 0. To show this, observe that A s , B s and B f (but not A f ) are strongly elliptic. Therefore, K N , K M given by, respectively, (4.9) and (4.11) are strongly elliptic for each ω > 0. Now apply the complex version of the Lax-Milgram theorem to conclude.
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The effective equations
To obtain the effective equations, we substitute (4.1) into (3.1) and collect terms containing the same components of e(u 0 ):
In (5.1), consider separately integrals over Y and recall that N pq are independent of ω. This allows us to separate the following three groups of terms: terms independent of ω, terms that are linear in ω and the rest of the terms. This yields
where the effective materials tensors A , B , C are defined by where L ε denotes the second-order partial differential operator
is the characteristic function of the marrow part Ω ε f and ρ ε = θ ε ρ f + (1 − θ ε )ρ s .
Then, there exist a subsequence {u ε }, not relabeled, such that {u ε } converges weakly in H 1 0 (Ω ) to a limit u 0 ∈ H 1 0 (Ω ), and ρ ε converges weak-in L ∞ (Ω ) to ρ. The pair u 0 , ρ is a weak solution of the homogenized equation
where L denotes the homogenized operator such that Lu = −div x {A e(u) + iωB e(u) + C (ω)e(u)} − ω 2 ρu.
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The effective constant tensors A , B are defined, in (5.3) and (5.4), respectively. The effective frequency dependent tensor C (ω) is defined in (5.5). The vectors N pq , M pq that appear in (5.3)-(5.5) are solutions of the auxiliary cell problems (4.4) and (4.6), respectively.
The homogenized behavior of the slightly compressible viscous fluid in the elastic porous medium is described by Eq. (5.8) , which are the equations of linear viscoelasticity, i.e. our mixture of a slightly compressible viscous fluid and an elastic solid behaves on average as a single phase viscoelastic material. The effective tensors A , B , and C characterize, respectively, elastic moduli, viscous moduli, and long-time relaxation moduli of the effective material.
